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1 Introduction 

Let M be a compact connected oriented surface. The surface M is called a translation surface 
if it is equipped with a translation structure, that is, an atlas of charts such that all transition 
functions are translations in M^. It is assumed that the chart domains cover all surface M except 
for finitely many points called singular. The translation structure induces the structure of a 
smooth manifold, a flat Riemannian metric, and a Borel measure on the surface M punctured 
at the singular points. We require that the metric has a cone type singularity at each singular 
point; then the area of the surface is finite. The cone angle is of the form 27rm, where m is an 
integer called the multiplicity of the singular point. A singular point of multiplicity 1 is called 
removable] it is rather a marked point than a true singularity of the metric. 

Furthermore, the translation structure allows us to identify the tangent space at any non- 
singular point X G M with the Euclidean space M^. In particular, the unit tangent space at 
any point is identified with the unit circle S"^ = {f G : \v\ = 1}. The velocity is an integral 
of the geodesic flow with respect to this identification. Thus each oriented geodesic has a di- 
rection, which is a uniquely determined vector in S^. The direction of an unoriented geodesic 
is determined up to multiplying by ±1. 

Suppose X is a Riemann surface (one-dimensional complex manifold) homeomorphic to 
the surface M. Any nonzero Abelian differential on X defines a translation structure on M. 
The zeroes of the differential are singular points of the translation structure, namely, a zero of 
order is a singular point of multiplicity k + 1. Every translation structure without removable 
singular points can be obtained this way. 

Any geodesic joining a nonsingular point to itself is periodic (or closed). We regard periodic 
geodesies as simple closed unoriented curves. Any periodic geodesic is included in a family 
of freely homotopic periodic geodesies of the same length and direction. The geodesies of 
the family fill an open connected domain. Unless the translation surface is a torus without 
singular points, this domain is an annulus. We call it a cylinder of periodic geodesies (or 
simply a periodic cylinder). A periodic cylinder is bounded by geodesic segments of the same 
direction with endpoints at singular points. Such segments are called saddle connections. 

The fundamental results on periodic geodesies of translation surfaces were obtained by 
Howard Masur in papers |M2j . |M3j . |M4j . These results can be summarized as follows. 

Theorem 1.1 (Masur) Let M be a translation surface without removable singular points. 

(a) There exists a periodic geodesic on M of length at most a\/S, where S is the area of 
M and a > is a constant depending only on the genus of M. 
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(b) The directions of periodic geodesies of M are dense in . 

(c) Let Ni{M,T) denote the number of periodic cylinders of M of length at most T > 0. 
Then there exist < ci(M) < C2(M) < oo such that 

ci(M) < Ni{M,T)/T^ < C2(M) 

for T sufficiently large. 

The main goal of the present paper is to prove effective versions of statements (a) and (c) 
of Theorem ll.il and to generahze statement (b). In addition, we estabhsh some properties of 
periodic geodesies on generic translation surfaces. 

Throughout the paper we consider translation surfaces that have at least one singular 
point. There is no loss of generality as we can declare an arbitrary nonsingular point to be a 
removable singular point. 

Our first result is an effective version of Theorem II. If a). 

Theorem 1.2 Let m be the sum of multiplicities of singular points of a translation surface M , 
and S be the area of M. Then there exists a periodic geodesic on M of length at most amVS, 
where am = (8m)^ ™ . 

It should be admitted that the proof of Theorem ILlT a) given by Smillie in the survey jSj 
can be further developed to obtain an effective estimate of the constant a (unlike the proofs 
given in iM2j and [MTJ . The techniques used below to prove Theorem II . 21 are very similar to 
those used in [S]. 

The periodic geodesic provided by Theorem 11.21 belongs to a cylinder of parallel periodic 
geodesies of the same length. Although the length of this cylinder is bounded, its width, in 
general, may be arbitrarily small. Nevertheless it is possible to find a periodic cylinder whose 
area is not very small compared to the area of the whole surface. 

Theorem 1.3 Let m be the sum of multiplicities of singular points of a translation surface 
M, and S be the area of M. Then there exists a cylinder of periodic geodesies of length at most 
I3m^/S , where /3m = 2^ and of area at least S/m. 

The following theorem shows, in particular, that almost every point of a translation surface 
lies on a periodic geodesic. 

Theorem 1.4 Let m be the sum of multiplicities of singular points of a translation surface 
M, and S be the area of M . For any 6 G (0, 1) there exist pairwise disjoint periodic cylinders 
Ai, . . . , Afc of length at most (8m6~^)'^ ™ such that the area of the union Ai U . . . U A^ is 
at least (1 — 6)S. 

The group SL(2, M) acts on the set of translation structures on a given surface by postcom- 
position of the chart maps with linear transformations from SL(2,]R). This action preserves 
singular points along with their multiplicities, geodesies, and the measure induced by transla- 
tion structure. It does not preserve directions and lengths of geodesic segments however. This 
observation allows one to derive statement (b) of Theorem ll.ll from statement (a). In the same 
way Theorem 11.31 leads to the following result. 
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Theorem 1.5 Let m be the sum of multiplicities of singular points of a translation surface 
M, and S be the area of M. Then the directions of periodic cylinders of area at least S/m are 
dense in S^. 

A plane polygon is called rational if the angle between any two of its sides is a rational 
multiple of vr. A construction of Zemlyakov and Katok |ZKj associates to any rational polygon 
Q a translation surface M so that the study of the billiard flow in Q can be reduced to the 
study of the geodesic flow on M. In view of this construction, Theorem ll.lf b) implies that 
directions of periodic billiard orbits in Q are dense in the set of all directions. Boshernitzan, 
Galperin, Kriiger, and Troubetzkoy (BGKTj strengthened this result. 

Theorem 1.6 ([BGKT]) For any rational polygon Q, the periodic points of the billiard flow 
in Q are dense in the phase space of the flow. Moreover, there exists a dense Gs-set Qo C Q 
such that for every point x ^ Qo the directions of periodic billiard orbits starting at x form a 
dense subset of S^. 

An analogous result for translation surfaces — periodic points of the geodesic flow are dense 
in the phase space of the flow — can be obtained in the same way (cf. |MTj ) . In this paper we 
prove a further strengthening of Theorem II. iT b). 

Theorem 1.7 (a) For any translation surface M, there exists a Gs-set Mq C M of full mea- 
sure such that for every point x G Mq the directions of periodic geodesies passing through x 
form a dense subset of S^. 

(b) For any rational polygon Q, there exists a Gs-subset Qo G Q of full measure such that 
for every point x G Qo the directions of periodic billiard orbits starting at x form a dense subset 
ofS\ 

The next result is an effective version of Theorem II. iT c). 

Theorem 1.8 Let M be a translation surface. Denote by Ni{M,T) the number of cylinders 
of periodic geodesies on M of length at most T > 0. By N2{M,T) denote the sum of areas of 
these cylinders. Then 

((600m)(2™)'™j"'s'5-2T2 < N2iM,T)/S < Ni{M,T) < {AOOmY^"'^''^ s-^T^ 

for any T > 2^*™' \/S, where S is the area of M, m is the sum of multiplicities of singular 
points of M, and s is the length of the shortest saddle connection of M. 

Let M be a compact connected oriented surface of genus p > 1. For any integer n > 1 
let A4 {p, n) denote the set of equivalence classes of isomorphic translation structures on M 
with n singular points (of arbitrary multiplicity). A point of Ai{p, n) is a translation structure 
considered up to isomorphism. There is a natural topology on n), which is the topology 
of a locally compact metric space. By A^i(p, n) denote the subspace of n) corresponding 
to translation structures of area 1. The subspace M.i{p,n) is endowed with a natural Borel 
measure /xq, which is finite (see Section E] for details). In general, the space M.i{p,n) is not 
connected but the number of its connected components is finite. Let C denote one of the 
connected components. 
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For any translation structure uj and any T > let Niiuj^T) denote the number of periodic 
cylinders of uj of length at most T. By N2{uj,T) denote the sum of areas of these cylinders. 
The numbers Ni{uj,T) and N2{uj,T) do not change if we replace the translation structure u 
by an isomorphic one. 

Theorem 1.9 For fiQ-a.e. G C, 

lim N,{uj,T)/T'' = Ci(C), lim N2{uj,T)/T'' = c^iQ, 

T — ^oo T — ^oo 

where ci(C) and C2(C) are positive constants depending only on the component C. 



The first asymptotics in Theorem 11.91 was proved by Eskin and Masur |EMj . The second 
asymptotics is obtained by applying results of |EMj . 

The ratio C2{C)/ci{C) may be regarded as the mean area of a periodic cylinder of a generic 
area 1 translation structure u ^ C.lt appears that C2(C)/ci(C) = l/rric, where mc = 2p — 2 + n 
is the sum of multiplicities of singular points for translation structures in C (this will be proved 
in a subsequent paper). 

Let y — > C be the fiber bundle over C such that the fiber over a point G C is the surface 
M with the translation structure u. A point of Y can be viewed as a pair {ui,x), where u is 
a representative of an equivalence class oj E C and x G M (the point x depends on the choice 
of UJ E uj) . The fiber bundle Y carries a natural finite measure fii that is the measure /io 
on the base C and is the measure induced by translation structure on the fiber. Denote by 
N3{uj,x,T) the number of periodic geodesies of a translation structure uj of length at most 
T that pass through a point x. This number does not change if we replace the pair {uj,x) by 
another representative of a point in Y. 

Theorem 1.10 For fii-a.e. {uj,x) G Y, 

lim N,{uj,x,T)/T^ = C2{C), 

where the constant C2{C) is the same as in Theorem M.fA 

The paper is organized as follows. Section|21contains definitions, notation, and preliminaries. 
The results on existence of periodic geodesies (Theorems 11.21 11.31 and 11. 4|) are obtained in 
Section El The results on density of directions of periodic geodesies (Theorems 11.51 and 11 . 7|1 are 
obtained in Section HI Section El is devoted to the proof of Theorem 11.81 In the final Section (HI 
moduli spaces of translation structures are considered. 



2 Preliminaries 

Let M be a compact connected oriented surface. A translation structure on M is an atlas of 
coordinate charts uj = {{Ua, fa)}aeAj where Ua is a domain in M and /„ is a homeomorphism 
of Ua onto a domain in M^, such that: 

• all transition functions are translations in M^; 

• chart domains Ua, a E A, cover all surface M except for finitely many points (called 
singular points); 
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• the atlas u is maximal relative to the two preceding conditions; 

• a punctured neighborhood of any singular point covers a punctured neighborhood of a 
point in M? via an m-to-1 map which is a translation in coordinates of the atlas u; the number 
m is called the multiplicity of the singular point. 

A translation surface is a compact connected oriented surface equipped with a translation 
structure. 

The translation structures are also (and probably better) known as "orientable flat struc- 
tures" or "admissible positive F-structures" . 

Let M be a translation surface and uj be the translation structure of M. Each translation of 
the plane is a smooth map preserving orientation, Euclidean metric and Lebesgue measure 
on W'. Hence the translation structure uj induces a smooth structure, an orientation, a flat 
Riemannian metric, and a finite Borel measure on the surface M punctured at the singular 
points of UJ. Each singular point of cj is a cone type singularity of the metric. The cone angle is 
equal to 27rm, where m is the multiplicity of the singular point. Any geodesic of the metric is a 
straight line in coordinates of the atlas uj. A geodesic hitting a singular point is considered to 
be singular, its further continuation is undefined. Almost every element of the tangent bundle 
gives rise to a nonsingular geodesic. 

The translation structure uj allows us to identify the tangent space at any nonsingular 
point X G M with the Euclidean space M^. In particular, the unit tangent space at any point 
is identified with the unit circle jS"^ = G : \v\ = 1}. The velocity is an integral of the 
geodesic flow with respect to this identification. Thus each oriented geodesic is assigned a 
direction v & S^. The direction of an unoriented geodesic is determined up to multiplying by 
±1. For any v ^ S^, let My denote the invariant surface of the phase space of the geodesic 
flow corresponding to the movement with velocity v. Clearly, the restriction of the geodesic 
flow to My can be regarded as a flow on the surface M. This flow is called the directional flow 
in direction v. If a point x G M is singular or at least one of geodesies starting at x in the 
directions ±v hits a singular point, then the directional flow is only partially deflned at the 
point X. The directional flow is fully defined on a subset of full measure (depending on v) and 
preserves the measure on M. 

A singular point of multiplicity 1 is called removable. If a; G M is a removable singular 
point of the translation structure cu, then there exists a translation structure a;+ D a; such that 
X is not a singular point of uj^. On the other hand, let a; be a nonsingular point of M. Suppose 
uj_ is the set of charts ([/„, /„) G uj such that x ^ Then a;_ is a translation structure on 
M and a; is a removable singular point of c<j_. 

Let p be the genus of a translation surface M, k be the number of singular points of M, 
and m be the sum of multiplicities of the singular points. Then m — 2p — 2 + k. It follows that 
there are no translation structures on the sphere, a translation torus can have only removable 
singular points, and a translation surface of genus p > 1 has at least one nonremovable singular 
point. 

Suppose X is a complex structure on a compact connected oriented surface M. Let g be a 
nonzero Abelian differential (holomorphic 1-form) on X. A chart {U,z), where C/ is a domain 
in M and 2; is a homeomorphism of U onto a domain in C, is called a natural parameter of the 
differential q if q = dz in U with respect to the complex structure X. Let uj denote the atlas 
of all natural parameters of q. The natural identification of C with allows us to consider 
UJ as an atlas of charts ranging in M?. It is easy to observe that a; is a translation structure 
on M. The singular points of cu are the zeroes of the differential q, namely, a zero of order n 
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is a singular point of multiplicity n + 1. Each translation structure on M without removable 
singular points can be obtained by this construction. 

Another way to construct translation surfaces is to glue them from polygons. Let Qi, . . . , Qn 
be disjoint plane polygons. The natural orientation of induces an orientation of the boundary 
of every polygon. Suppose all sides of the polygons Qi, . . . ,Qn are groupped in pairs such that 
two sides in each pair are of the same length and direction, and of opposite orientations. Glue 
the sides in each pair by translation. Then the union of the polygons Qi, ■ ■ ■ ,Qn becomes a 
surface M. By construction, the surface M is compact and oriented. Suppose M is connected (if 
it is not, then we should apply the construction to a smaller set of polygons). The restrictions 
of the identity map on M? to the interiors of the polygons Qi, . . . ,Qn can be regarded as charts 
of M. This finite collection of charts extends to a translation structure u on M. The translation 
structure u is uniquely determined if we require that the set of singular points of u be the set 
of points corresponding to vertices of the polygons Qi, . . . , Qn- 

A particular case of the latter construction is the so-called Zemlyakov-Katok construction, 
which descends from the paper |ZKj . Let Q be a plane polygon. Let Si, . . . , s„ be sides of Q. 
For any i, 1 < i < n, let Vi denote the reflection of the plane in the side Sj and rj denote the 
linear part of fj. By G{Q) denote the subgroup of 0(2) generated by the reflections ri, . . . , 
The polygon Q is called rational if the group G{Q) is finite. All angles of a rational polygon are 
rational multiples of vr. This property is equivalent to being rational provided the polygon is 
simply connected. Suppose the polygon Q is rational. Let Qg, g E G{Q), be disjoint polygons 
such that for any g G G{Q) there exists an isometry Rg : Qg ^ Q with linear part g. Now 
for any i G {1, . . . ,n} and any g G G{Q) glue the side Rg^Si of the polygon Qg to the side 
Rgri^i of the polygon Qgr^ by translation. This transforms the union of polygons Qi, . . . , Q„ 
into a compact connected oriented surface M. Observe that the collection of isometries Rg, 
g G G{Q), gives rise to a continuous map fq : M ^ Q. The surface M is endowed with a 
translation structure oj as described above. Singular points of oj correspond to vertices of the 
polygon Q. Namely, the vertex of any angle of the form 27™i/n2, where rii and n2 are coprime 
integers, gives rise to N/n2 singular points of multiplicity ni, where is the cardinality of the 
group G{Q). 

The Zemlyakov-Katok construction is crucial for the study of the billiard flow in rational 
polygons. The billiard flow in a polygon Q is a dynamical system that describes a point-like 
mass moving freely within the polygon Q subject to elastic reflections in the boundary of Q. 
A billiard orbit in Q is a broken line changing its direction at interior points of the sides of Q 
according to the law "the angle of incidence is equal to the angle of reflection" . A billiard orbit 
hitting a vertex of the polygon Q is supposed to stop at this vertex. A billiard orbit starting 
at a point a; G Q in a direction f G S*^ is periodic if it returns eventually to the point x in the 
direction v. Suppose Q is a rational polygon. Let M be the translation surface associated to Q. 
Let fq-.M^Qhe the continuous map introduced above. It is easy to see that fq maps any 
geodesic on the surface M onto a billiard orbit in Q. Conversely, any billiard orbit in Q is the 
image of a (not uniquely determined) geodesic on M. By construction, there exists a domain 
D G M such that fq maps the domain D isometrically onto the interior of the polygon Q 
and, moreover, the chart {D, fq\D) is an element of the translation structure of M. If L is a 
geodesic starting at a point x G D in a direction v E , then fq{L) is the billiard orbit in Q 
starting at the point fq{x) in the same direction. 

Let M be a translation surface. A domain U <Z M containing no singular points is called 
a triangle (a polygon, an n-gon) if it is isometric to the interior of a triangle (resp. a polygon. 



6 



an n-gon) in the plane M?. Suppose h : U ^ P C is a corresponding isometry. The inverse 
map h^^ : P —>■ U can be extended to a continuous map of the closure of P to M. The images 
of sides and vertices of the polygon P under this extension are called sides and vertices of U. 
Every side of U is either a geodesic segment or a union of several parallel segments separated 
by singular points. Note that the number of vertices of the n-gon U may be less than n. A 
triangulation of the translation surface M is its partition into a finite number of triangles. 

A saddle connection is a geodesic segment joining two singular points or a singular point 
to itself and having no singular points in its interior (note that singular points are saddles for 
directional flows). Two saddle connections of a translation surface are said to be disjoint if they 
have no common interior points (common endpoints are allowed). Three saddle connections 
are pairwise disjoint whenever they are sides of a triangle. For any T > there are only finitely 
many saddle connections of length at most T. In particular, there exists the shortest saddle 
connection (probably not unique). 

The following proposition is well known (see, e.g. |MTj . |Voj ). 



Proposition 2.1 (a) Any collection of pairwise disjoint saddle connections can be extended 
to a maximal collection. 

(b) Any maximal collection of pairwise disjoint saddle connections forms a triangulation of 
the surface M such that all sides of each triangle are saddle connections. 

(c) For any maximal collection, the number of saddle connections is equal to 3m, and the 
number of triangles in the corresponding triangulation is equal to 2m, where m is the sum of 
multiplicities of singular points. 

Any geodesic joining a nonsingular point to itself is called periodic (or closed); such a 
geodesic is a periodic orbit of a directional flow. We only consider primitive periodic geodesies, 
that is, the period of the geodesic is its length. Also, we regard periodic geodesies as unoriented 
curves. If a geodesic starting at a point x E M is periodic, then all geodesies starting at nearby 
points in the same direction are also periodic. Actually, each periodic geodesic belongs to a 
family of freely homotopic periodic geodesies of the same length and direction. If M is a torus 
without singular points, then this family fills the whole surface M. Otherwise the family fills 
a domain homeomorphic to an annulus. This domain is called a cylinder of periodic geodesies 
(or simply a periodic cylinder) since it is isometric to a cylinder R//Z x (0, w), where l,w > 0. 
The numbers / and w are called the length and the width of the periodic cylinder. The cylinder 
is bounded by saddle connections of the same direction. 

Let u = {{Ua, fa)}ai^A ^6 a translation structure on the surface M. For any linear operator 
a G SL(2,M) the atlas {{Ua,aofa)}aeA is also a translation structure on M. We denote this 
structure by au. Clearly, {aia2)uj = ai{a2Uj) for any ai,a2 G SL(2,]R) so we have an action 
of the group SL(2,M) on the set of translation structures on M. The translation structures u) 
and au share the same singular points of the same multiplicities and the same geodesies. In 
addition, they induce the same measure on the surface M. 

To each oriented geodesic segment L of the translation structure u we associate the vector 
f G of the same length and direction. If the segment L is not oriented, then the vector v 
is determined up to reversing its direction. For any a G SL(2,M) the vector av is associated 
to L with respect to the translation structure au. Given a direction vi G S^, the length of the 
orthogonal projection of v on the direction vi is called the projection of the segment L on vi 
(with respect to u). 
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3 Existence of periodic geodesies 



To prove Theorems ll.2[ ll.3t and 11.41 we need the following proposition. 

Proposition 3.1 Let M be a translation surface of area S. Suppose Li, . . . ,Lk [k > 0) are 

pairwise disjoint saddle connections of length at most \^2S. Then at least one of the following 
possibilities occur: 

(1) saddle connections Li, . . . ,Lk partition the surface into finitely many domains such that 
each domain is either a periodic cylinder of length at most \/S or a triangle bounded by three 
saddle connections; 

(2) there exists a saddle connection L of length at most 2\/2S disjoint from Li, . . . , L^. 

Proof. First consider the case when a small neighborhood of some singular point xq contains 
an open sector K of angle vr that is disjoint from saddle connections Li, . . . , L^.. Suppose there 
exists a geodesic segment J of length at most \/2S that goes out of the point Xq across sector 
K and ends in a point y which is either a singular point or an interior point of some saddle 
connection Lj, 1 < j < k. We can assume without loss of generality that the interior of the 
segment J contains no singular point and is disjoint from saddle connections Li, . . . , L^. If y 
is a singular point, then J is a saddle connection disjoint from Li, . . . , L^, thus condition (2) 
holds. Suppose y is an interior point of Lj. Let K' be an open sector with vertex at the point 
xo crossed by the segment J. We assume that each geodesic I going out of xo across the sector 
K' intersects Lj before this geodesic hits a singular point or intersects another given saddle 
connection. This condition holds, for instance, when the angle of the sector K' is small enough. 
Let Iq denote the segment of the geodesic I from the point xq to the first intersection with 
Lj. The segments Jq, J, and a subsegment of Lj are sides of a triangle, hence the length of Iq 
is less than the sum of lengths of J and Lj, which, in turn, is at most 2v^2S'. Without loss of 
generality it can be assumed that K' is the maximal sector with the above property. By the 
maximality, both geodesies going out of Xq along the boundary of K' hit singular points before 
they intersect any of the given saddle connections. It follows that these geodesies are saddle 
connections of length at most 2v^25'. By construction, any of the two saddle connections either 
is disjoint from saddle connections Li, . . . , or coincides with one of them. Since the angle of 
the sector K' is less than vr, at least one of the boundary saddle connections crosses the sector 
K; such a saddle connection is not among Li, . . . , L^. Thus condition (2) holds. 

Now suppose that any geodesic segment of length ^/2S going out of the point xq across 
sector K does not reach a singular point and does not intersect saddle connections Li, . . . , L^. 
Let I be the geodesic segment of length that goes out of the singular point xq dividing the 
sector K into two equal parts. By v denote one of two directions orthogonal to the direction 
of J. Let be the directional flow in direction v. By Iq denote the segment / without 

its endpoints. For any t > let Df denote the set of points of the form F'^x, where x G /q 
and < r < t. If t is small enough, then Dt is a rectangle with sides and t. Let ti be 
the maximal number with this property. The area of the rectangle Dt^ is equal to ti^/S, hence 
ti < \/S. Set D[_^ = Dt^ U F^^Iq. Any point x G D[_^ can be joined to the point Xq by a geodesic 
segment such that all interior points of are contained in Df^. The segment crosses 
the sector K and the length of is at most ^^/tf + S < \f2S. It follows that the set is 
disjoint from saddle connections Li, . . . , and contains no singular points. Likewise, the set 
F)'_ti — {F^x I X G /q, —ti < t < 0} is also disjoint from Li, . . . ,Lk and contains no singular 
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points. By the choice of ti, there exists a point Xi G /q such that the point F^^xi either is 
singular or belongs to Jq. As F^^xi G -D^ , we have F^^xi G Jq. Let uq denote the endpoint of / 
different from xq. It is easy to see that the set Ji = Jq fl F'^/q is an open subsegment of Jq and 
2/0 is an endpoint of Ji. Suppose that /i 7^ /q. Let y be an endpoint of Ji that is an interior 
point of /. Obviously, F~^^y G /. Since y is an endpoint of /i, it follows that F'^^y = xq. 
On the other hand, F~*^y G D'_^_^. This contradiction proves that Ji = Jq. It follows that 
the set D^_^ is a union of periodic geodesies of length ti and of direction v. Therefore is 
contained in a periodic cylinder A of length ti < ^/S. The cylinder A contains the sector K. 
By construction, at least some of periodic geodesies in A do not intersect saddle connections 
Li, . . . , Lfc. It follows easily that the whole cylinder is disjoint from Li, . . . , L^. 

Now suppose that condition (2) does not hold. We have to show that condition (1) does 
hold in this case. By the above the saddle connections Li, . . . ,Lk divide a small neighborhood 
of each singular point into sectors of angle at most vr. Moreover, each sector of angle vr is 
contained within a periodic cylinder of length at most disjoint from Li, . . . , Lk- The saddle 
connections Li, . . . , L^, partition the surface M into finitely many domains. Let D be one of 
these domains. Take a singular point Xq at the boundary of D. A small neighborhood of Xq 
intersects the domain D in one or more sectors of angle at most vr. Let K be one of such 
sectors. If the sector K is of angle vr, then it is contained in a periodic cylinder A of length at 
most a/S* disjoint from Li, . . . , L^. Clearly, A C D. The lengths of saddle connections bounding 
the cylinder A do not exceed the length of A. Any of these saddle connections either is disjoint 
from Li, . . . ,Lk or coincides with one of them. Since condition (2) does not hold, all saddle 
connections bounding A are among Li, . . . ,Lk. This means that D = A. Now consider the 
case when the angle of the sector K is less than vr. The sector K is bounded by some saddle 
connections Li and Lj. Let T be a triangle such that T contains the sector K, the saddle 
connection Li is a side of T, and a subsegment of Lj is another side of T. Obviously, T C D. 
We can assume without loss of generality that T is the maximal triangle with this property. By 
Lq denote the side of T different from Lj and from the subsegment of Lj. Let J be a geodesic 
segment that goes out of the point xq across sector K, crosses the triangle T, and ends in a 
point y & Lq. The length of J is less than the sum of lengths of Li and Lj, which, in turn, is at 
most 2\/2S. Since condition (2) does not hold, the point y can not be singular. It follows that 
the side Lq is a single geodesic segment. By the maximality of T, the whole saddle connection 
Lj is a side of T. Then Lq is a saddle connection. By the triangle inequality, the length of Lq is 
at most 2\/2S. Hence Lq is one of the saddle connections Li, . . . , as otherwise Lq is disjoint 
from Li, . . . , Lfc. This means that D = T. Thus condition (1) holds. ■ 

For any operator a G SL(2, M), let ||a|| denote the norm of a and C{a) denote the condition 
number of a: 

||a|| = max \av\, C(a) = max (||a||, ||a^"'"||). 
vm^,\v\=i 

Obviously, C{aia2) < C{ai)C{a2) for any ai,a2 G SL(2,]R). Suppose L is a geodesic segment 
of a translation structure u. Then the lengths of the segment L with respect to translation 
structures u and au differ by at most C{a) times. 

Proof of Theorem HH Let 6 G (0,1). Set e = (8m5~i)-2""'\ Note that e^"^™ < 1/2. 
Let u denote the translation structure of the translation surface M. Suppose that a se- 
quence Li,...,Lk {k > 0) of pairwise disjoint saddle connections and a sequence of oper- 
ators ao, ai, . . . , Ofc G SL(2,]R) satisfy the following two conditions: (i) C(aj) < (l/e:)^"^ 
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for i = 0,1,..., k; and (ii) the length of Lj with respect to the translation structure ajU, 
1 1^ i 1^ j ^ k, does not exceed 2\/2S e"^ \ Furthermore, suppose there exists a saddle con- 
nection L disjoint from Li, . . . ,Lk and of length at most 2\/2S with respect to the trans- 
lation structure a^uj. Let v,u G be orthogonal vectors such that v is parallel to the 
saddle connection L with respect to a^uj. Define an operator h G SL(2,M) by equalities 
bv = V, bu = e^"^ u. Further, set a^+i = bak- Obviously, C{b) = , hence 

Ciak+i) < Cib)Ciak) < {l/ef^'il/ey-^"' = (l/ey-^''"'. The length of the saddle connec- 
tion L with respect to ak+iuJ is at most 2y/2S , while the length of saddle connections 
Li, . . . , Lk with respect to ak+iuj is at most 2^2S C{b) = 2\f2Se^ . Thus the sequence 
of saddle connections Li, . . . , Lk, L and the sequence of operators oq, ai, . . . , a^, ak+i satisfy the 
conditions (i) and (ii). 

Pairs of sequences satisfying conditions (i) and (ii) do exist, for example, the empty sequence 
of saddle connections and the sequence consisting of one operator oq = 1. By Proposition 12.11 
the number of pairwise disjoint saddle connections can not exceed 3m. Therefore there exists 
a pair of sequences Li, . . . ,Lk and oq, ai, . . . , satisfying conditions (i) and (ii) with maximal 
possible k. The lengths of the saddle connections Li, . . . ,Lk with respect to akOJ are at most 
2\f2Se^ < 2\f2Se^ < \f2S, thus Proposition 13.11 applies. By the maximality of k, there 
is no saddle connection disjoint from L\, . . . ,Lk and of length at most 2^2S with respect to 
the translation structure a^io. Thus the saddle connections Li, . . . , partition the surface M 
into finitely many domains such that each domain is either a periodic cylinder of length at 
most ^/S with respect to 0^0; or a triangle bounded by three saddle connections. Any triangle 
in this partition is of area at most ^(2^28 )^ with respect to both afccj and cj. It follows 
from Proposition 12. II that there are at most 2m triangles in the partition. Hence the union of 
these triangles is of area at most 

m{2^e^'y < m(2v^ £2-3^^2 ^ 

Then the union of all periodic cylinders in the partition is of area at least (1 — 5)5. It remains 
to observe that the length of each periodic cylinder with respect to the translation structure 
u) is at most C{a^)^fS < (l/e)^-^-^-^ < ^-^v^ = (Sm^-i)^"""' v^. . 

Proof of Theorem II. 2L By Theorem II. 4[ for any 6 G (0, 1) the translation surface M admits 
a periodic geodesic of length at most (8m5~^)^ " y/S. For any T > the number of periodic 
cylinders of length at most T is finite, therefore there exists a shortest periodic geodesic. Let / 
denote its length. Since / < (8m5~^)^ for any 6 G (0, 1), we have / < (8m)^ V^. ■ 

Proof of Theorem 11.31 In the case m = 1 the translation surface M is a torus with one 
removable singular point. Here every cylinder of periodic geodesies fills the whole surface (up 
to the boundary saddle connection). As ai = 8^ = 2^^ < 2^ = Pi, the theorem follows from 
Theorem II. 21 in this case. 

Consider the case m > 2. By Theorem 1 1.4t there exist pairwise disjoint periodic cylinders 
Ai, . . . , Afc of length at most (8m^)^ " y/S such that the area of the union AiU. . .UA^ is at least 
(1 — l/m)S. Each cylinder Aj can be triangulated by pairwise disjoint saddle connections. The 
number of triangles in any triangulation is at least 2. If we require that each side of any triangle 
is a saddle connection (not a union of several saddle connections), then the number of triangles 
is equal to the number of saddle connections bounding Aj, where saddle connections bounding 
Aj from both sides should be counted twice. All saddle connections used in triangulation of the 
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cylinders Ai, . . . , A^. are pairwise disjoint since the cylinders are disjoint. By Proposition 12.11 
we can add several saddle connections to obtain a partition of the surface M into 2m triangles 
bounded by disjoint saddle connections. It follows easily that the number k of cylinders is at 
most m. Moreover, if k = m then the closure of the union AiU. . .UA^ is the whole surface M. In 
the latter case at least one of the cylinders Ai, . . . , A^ is of area not less than S/m. In the case 
k < m one of the cylinders is of area not less than {l — l/m)S/k > {l — l/m)S/{m — l) = S/m. 

To complete the proof, it remains to show that (8m^)^^™ ^ < P^n- It is easy to observe that 
g^2 < 22"^+! and 2m + 1 < 2^+^ for any integer m > 1. Hence, {Sm^'"''' < 2(2"^+i)2""-' < 
2''"" = /3m. 



4 Density of directions of periodic geodesies 

In this section we prove Theorems 11.51 and 11.71 They are derived from Theorems 11.31 and 11.41 
respectively. 

Proof of Theorem 11.51 Let u denote the translation structure of the translation surface M. 
We have to show that for any direction v & and any e > there exists a periodic cylinder 
of u of area at least S/m such that the angle between v and the direction of the cylinder is 
less than e. 

Let M G 5*^ be a direction orthogonal to v. For any A > 1 define an operator ax G SL(2, M) by 
equalities axv = X~^v, a\u = Xu. The sum of multiplicities of singular points of the translation 
structure axuj is equal to m and the area of the surface M with respect to axuj is equal to S. By 
Theorem ll.3l there exists a periodic cylinder A^ of area at least S/m such that the length of A^ 
with respect to axuj is at most / = 2^ ""y/S. Let hx and wx be projections of a periodic geodesic 
from the cylinder Aa on the directions v and u (with respect to the translation structure u). 
Further, let (fx be the angle between v and the direction of Aa, where the direction of the 
cylinder is chosen so that < ipx < vr/2. Obviously, hx < \l, wx < X^^l. Let s denote the 
length of the shortest saddle connection of cu. Assuming A is large enough, we have wx < s/y/2. 
Since the length of the cylinder Aa, which is equal to y/h\ + w^, is not less than s, it follows 
that hx > s/V2. Then (fx < tanipx = wx/hx < X~^lV^/s, which tends to zero as A goes to 
infinity. ■ 

Proof of Theorem 11.71 Let M be a translation surface. Take a nonempty open subset U of 
the circle S^. Let Pu denote the set of points x E M lying on periodic geodesies with directions 
in the set U. The set Pu is open. Let us show that this set is of full measure. Take a vector 
V E U . Choose £ > such that a direction v' G S^ belongs to U whenever the angle between 
v' and V is less than e. Further, choose some 5 G (0, 1). Let n G 5^ be a direction orthogonal 
to V. For any A > 1 define an operator ax G SL(2,M) by equalities axv = X~^v, axu = Xu. Let 
uj denote the translation structure of M, m denote the sum of multiplicities of singular points 
of M, and S denote the area of M. By Theorem 11.41 there exist pairwise disjoint periodic 
cylinders Ai,...,Afc such that the length of every cylinder with respect to the translation 
structure axon is at most Is = {Smd^^y ™ and the area of the union Ai U . . . U A^ is 
at least (1 — 6)S (with respect to both axuj and u). Take some cylinder Aj. Let h and w be 
projections of a periodic geodesic from the cylinder Aj on the directions v and u (with respect 
to the translation structure u). Further, let be the angle between v and the direction of Aj 
{0 < (p < 7r/2). Obviously, h < Xls, w < X^^ls. Let s denote the length of the shortest saddle 
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connection of uj. The length of the cyhnder Aj is not less than s. If A > ls\/^/ s, then w < s/ ^/2, 
hence h > s/\/2. It follows that (p < tanip = w/h < X^^lsV^/s. If, moreover, 
then < e and the direction of the cylinder Aj is in the set U. Thus the cylinders Ai, . . . , A^ 
are contained in the set Pu provided A is sufficiently large. Then the area of Pu is at least 
(1 — 6)S. As 6 can be chosen arbitrarily small, the area of Pu is equal to 5*. 

Choose a sequence Ui,U2, ■ ■ ■ of nonempty open subsets of the circle such that any other 
nonempty open subset of contains some Ui. By the above the sets Pu^,Pu2i ■ ■ ■ ^'^^ open 
sets of full measure. Hence the set Poo = H^^Pfy. is a G^-subset of full measure of the surface 
M. Take a point x G Poo- For any positive integer i there exists a direction Vi G Ui that is the 
direction of a periodic geodesic passing through x. By construction, the sequence ^1,^2, • • • is 
dense in S^. The first statement of the theorem is proved. 

To derive statement (b) of Theorem 11.71 from statement (a), we only need to recall the 
Zemlyakov-Katok construction (see Section |2I). Let Q be a rational polygon and M be the 
translation surface associated to Q. By construction, there is a continuous map f : M ^ Q and 
a domain D G M containing no singular points such that / maps the domain D isometrically 
onto the interior of the polygon Q. Moreover, if L is a geodesic passing through a point x E D 
in a direction v G S*^, then f{L) is the billiard orbit in Q starting at the point f{x) in the 
direction v. The billiard orbit f{L) is periodic if and only if the geodesic L is periodic. By the 
above there exists a G^-set Mq C M of full measure such that for any x G Mq the directions 
of periodic geodesies passing through x are dense in . Then the set Qo = /(-D fl Mq) is a 
G^-subset of the polygon Q and the area of Qo is equal to the area of Q. For any point x E Qo 
the directions of periodic billiard orbits in Q starting at x are dense in S"^. ■ 

5 Lower quadratic estimates 

Let M be a translation surface. In this section we obtain effective estimates of the growth func- 
tions Ni{M, ■) and N2{M, ■), where Ni{M,T) is the number of cylinders of periodic geodesies 
of length at most T and N2{M,T) is the sum of areas of those cylinders. Throughout the 
section m denotes the sum of multiplicities of singular points of the translation surface M 
{m > 1), S denotes the area of M, and s denotes the length of the shortest saddle connection 
of M. 

For any T > let No{M,T) denote the number of saddle connection of M of length at 
most T. An effective upper estimate of this number was obtained in |Voj . 

Theorem 5.1 (|^) No{M,T) < hmS~^T'^ for any T > 0, where h = {3 ■ 2^)^ and hm = 
(400m) (2'")"'" form>2. 

In the case m = 1 the latter estimate can be significantly improved. 

Lemma 5.2 Suppose M is a translation torus with a single (removable) singular point. Then 
No{M,T) < 7s-^T^ for any T > 0. In addition, < 35/2. 

Proof. The translation torus M is isometric to a torus /{viL © ^2^), where Vi and V2 are 
linearly independent vectors in (we do not require that the isometry preserve directions). 
Let C = viZ © t>2Z. By Cq denote the set of vectors in C contained in neither of the lattices 
2£, 3£, . . .. The isometry establishes a one-to-one correspondence between saddle connections 
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of M and pairs of vectors ±f G Cq. The length of a saddle connection is equal to the length of 
the corresponding vectors. By H denote the set of points {yi, 1/2) G such that either 1/2 > 0, 
or ^2 = and yi > 0. Then Nq{M, T) is equal to the number of vectors of length at most T in 
the set HHCq. Notice that the vectors vi and V2 are not determined in a unique way. Without 
loss of generality it can be assumed that vi = (0, s) and V2 = {S/s,y), where < y < s. Then 
min(|f2|, \v2 — Vi\) < a/ {S/ s)^ + (s/2)^. Since |f | > s for any nonzero vector v G ViX © V2IJ, 
we have < {S/s^ + {s/2f. It follows that < 23/ < 3S/2. 

Let i and j be positive integers. The rectangle P^j = ((i — 1)3/ s, iS/ s] x [(j — js) C 
is contained in the halfplane H and contains precisely one element of the lattice C. Likewise, 
the rectangle Pj~ = [—iS/s, — (i — 1)3/ s) x ((j — js] is contained in H and contains only 
one element of C. Given T > 0, let = {f G : \v\ < T}. The number of rectangles of 
the form P^^j contained in the halfdisc fl H does not exceed 7iT'^/(2S). For any A; G Z set 
Lk = {(1/1,^2) & H : yi = Sk/s}. If 7^ 0, then the halfline Lk containes at most one element 
V ^ C such that v G Bt but the rectangle of the form P^^j containing v is not contained in Bt- 
The halfline Lq containes at most T/s elements of Bt H C Finally, the cardinality of the set 
Pt n n £ is at most TrT^/{2S) + 2sT/S + T/s. As this cardinality is not less than No{M, T) , 
we have iVo(M,T) < 7iT^/{2S) + 2sT/S + T/s < Sns-^T^/A + As'^T < Ss'^T^ + As-^T. It 
follows that No{M, T) < 7s-^T^ for T > s. If T < s, then iVo(M, T) = < 7s-^T^. m 

The following lemma is an improved version of Theorem 11.31 for translation tori. 

Lemma 5.3 Suppose M is a translation torus with m > 1 singular points. Then there exists 
a cylinder of periodic geodesies of length at most 2\fS and of area at least S/m. 

Proof. Let u denote the translation structure of the translation torus M. Let Xi,X2, ■ ■ ■ , Xm 
be the singular points of uj. All singular points are removable. By uji denote the translation 
structure on M such that cui D and Xi is the only singular point of cui. Let Mi denote the 
torus M considered as the translation surface with the translation structure uji. Let Si be the 
area of Mi and si be the length of the shortest saddle connection of Mi. It is easy to observe 
that Si = S and si > s. The shortest saddle connection of Mi bounds a periodic cylinder 
A of Ml. The length of A is equal to si and the area of A is equal to 5*. By Lemma 15.21 
si < a/3S'/2 < 2\/S. The points X2, . . . ,Xm split the cylinder A into several periodic cyhnders 
of the translation surface M. All these cylinders are of length si < 2\fS. The number of the 
cylinders does not exceed m, hence at least one of them is of area not less than S/m. ■ 

Proof of Theorem ll.8L Let M be a translation surface. To each cylinder of periodic geodesies 
of M we assign a saddle connection bounding the cylinder. The length of the saddle connection 
does not exceed the length of the cylinder. It is possible that a saddle connection bounds 
two different periodic cylinders. Nevertheless the assignment can be done so that any saddle 
connection is assigned to at most one cylinder. It follows that Ni{M,T) < Nq{M,T) for any 
T > 0. Thus Theorem 15.11 (in the case m > 2) and Lemma f5. 21 (in the case m = 1) imply that 
Ni{M,T) < (400m) (2™)'™ 5-27-2 T > 0. Besides, the estimate N2{M,T)/S < Ni{M,T) 

is trivial. 

We proceed to the proof of the lower estimate of N2(M, T). Let Cq = hmS'"^, where hi = 7 
and h^ = (400m)(2™)''" for m > 2. By Theorem lO and LemmaO Ni{M,T) < No{M,T) < 
CqT^ for any T > 0. Denote by (j{T) the sum of inverse lengths over all cylinders of periodic 
geodesies of length at most T. Let Ti < T2 < . . . < T„ < . . . be lengths of periodic cylinders 
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of M in ascending order. It follows from the estimate Ni[M,T) < CqT"^ that T„ > Cq ^^^n^/^, 
n = 1, 2, . . .. Therefore, 

n.T„<T n:Tn<T n<CoT'^ 

< \ dx = Co'/' ■ 2(Cor2) V2 = 2CoT. 

Jo 

Set To = ImV^, where li = I2 = 2 and Im = 2^*™ for m > 3. Let A be a periodic cylinder 
and |A| be the length of A. For any A > 1 let A\{X) denote the set of directions v E 
such that the projection of periodic geodesies from A on the direction orthogonal to v is at 
most \~^Tq. Let v G A\{\) and ip be the angle between v and the direction of the cylinder A 
{0<ip< n/2). Then Lp<n/2- sin^ < n/2 ■ A-^To/|A|. It follows that 

HAa{X)) < 4 ■ 7r/2 ■ X-^To/\A\ = 2'kTqX-^ ■ 

where v is Lebesgue measure on the circle normalized so that viS^) = 2tt. 

Take an arbitrary number T >Tq and set A = T/Tq. Let u denote the translation structure 
of the translation surface M. For any direction v E define an operator ax^v £ SL(2,R) by 
equalities ax^vV = X~^v, ax,vU = Xu, where u e S*^ is a vector orthogonal to v. We claim that 
there exists a periodic cylinder A of area at least S/m such that the length of A with respect 
to the translation structure ax,v ^ does not exceed Tq. In the case m > 3, this follows from 
Theorem 11.31 In the case m < 2, the translation surface M is a torus, thus the claim follows 
from Lemma [5.31 The projection of a geodesic from A on the direction u (with respect to the 
translation structure a;) is at most A~^To, hence v e Ai^[X). Since A > 1, the condition number 
(see Sectional) of the operator ax,v is equal to A. Therefore, |A| < ATq = T. It follows that the 
union of sets Aa(A) over all periodic cylinders A of length at most T (with respect to uj) and 
of area at least S/m is the circle S^. 

Let S denote the sum of measures of sets Ax{X), where A runs over all periodic cylinders 
of length at most T and of area at least S/m. Since these sets cover the whole circle S^, we 
have S > 27r. Set a = (AT^Cq)^^ . By Theorem 11.31 and Lemma 15.31 the translation structure 
u admits a periodic cylinder of length at most Tq, hence 1 < Ni{M,Tq) < CqTq. In particular, 
a < 1/4. The sum E can be written as S1+E2, where Ei is the sum of summands corresponding 
to the cylinders of length at most aT, and S2 is the sum over cylinders of length greater than 
aT. It follows from the above estimate of z/(Aa(A)) that 

El < 2'kTqX-^ ■ cx{aT) < 2-kTqX-^ ■ 2CoaT, S2 < 27rToA~^ ■ {aT)-^N{T), 

where N{T) is the number of periodic cylinders of length at most T and of area at least S/m. 
Then 

2tt < 2nToX-\2CoaT + {aT)-^N{T)), 

thus, 

N{T) > (T^X - 2CoaT){aT) = {8T^Co)'^T^. 

Consequently, 

N2{M,T)/S > N{T)/m > {SmT^CoY^T^ = {8mll^hJ-h^S~^T^ 
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To complete the proof, it remains to show that Smlf^hm < (600m) If m = 1, then 

Smlf^hm = 7 ■ 2^ < 600^ If m = 2, then Smlf^hn, = 2^ ■ 800^' < 1200^'. In the case m > 3, we 
have (m/2)2"^ > (3/2)6 > ^^^^^^ (2m)2™ > 10 ■ 4^'" = 10 ■ 2^™. It follows that (3/2)(2™)''" > 
25-2'"". Besides, 2^"^ > 8m. Finally, 

(8m4/i„)-i(600m)(2™)''" = {8m)-' ■ 2-^-2"" ■ (3/2)(2-)''" > 

(8m)-i-22''">22''".2-^'">2^">l. 
The theorem is proved. ■ 



6 Moduli spaces of translation structures 

In this section we consider moduli spaces of translation structures on a given surface and 
properties of periodic geodesies of a generic translation structure. 

Let M, M' be translation surfaces, and u, u' be their translation structures. An orientation- 
preserving homeomorphism f : M ^ M' is called an isomorphism of the translation surfaces 
if / maps the set of singular points of M onto the set of singular points of M' and / is a 
translation in local coordinates of the atlases uo and uo' . The translation structures uo and uj' are 
called isomorphic if there is an isomorphism f : M —>■ M' . If the isomorphism can be chosen 
isotopic to the identity, then the structures uj and uj' are called isotopic. A homeomorphism 
f : M ^ M' is said to be piecewise affine if there exists a triangulation of the translation 
surface M such that / is affine on every triangle of the triangulation in local coordinates of the 
atlases ui and uj' . The linear parts ai, . . . .a^ of restrictions of / to the triangles are uniquely 
determined. Set 6(/) = max(||ai — 1||, . . . , ||afc — 1||). Clearly, 6(/) = if and only if / is an 
isomorphism of translation surfaces. 

Given positive integers p and n, let Mp be a compact connected oriented surface of genus p 
and Zn be a subset of Mp of cardinality n. Denote by f2(p, n) the set of translation structures on 
Mp such that Z„ is the set of singular points. By M. {p, n) denote the set of equivalence classes 
of isotopic translation structures in f2(p, n), and by M.{p,n) denote the set of equivalence 
classes of isomorphic translation structures in VL{p,n). Both sets M.{p^n) and M.{p,n) can 
serve as moduli spaces of translation structures on Mp with n singular points. 

Given a translation structure uj = {{Ua, 4>a)}a£A and a homeomorphism / : Mp — >• 

Mp, the atlas ujf = {{f~'{Ua), 4>af)}aeA is a translation structure on Mp isomorphic to uj. Let 
H{p, n) denote the group of orientation-preserving homeomorphisms of the surface Mp leaving 
invariant the set Z„. By Ho{p, n) denote the subgroup of H{p, n) consisting of homeomorphisms 
isotopic to the identity. For any uj G Q{p,n) and / G H{p,n), the translation structure ujf 
belongs to fl{p,n). The map H{p,n) x Q{p,n) 3 {f-,^) ^ ^f~^ defines an action of the 
group H{p,n) on the set fl{p,n). By definition, J^{p,n) = Q{p,n)/Ho{p,n) and A4{p,n) = 
fl{p,n)/ H{p,n). The modular group Mod(p, n) = H{p,n) / Ho{p,n) acts naturally on the set 
M.{p,n) and M.{j),n) = Ai{p,n)/ Mod{p,n). Further, the group SL(2,E) acts on the set 
Q{p,n) as defined in Section |21 Obviously, this action commutes with the action of H{p,n). 
Therefore the action of SL(2, M) descends to actions on the spaces J^{p, n) and M.{p, n). The 
action of the group SL(2, M) on A^(p, n) commutes with the action of Mod(p, n). 

For any uj G f2(p, n), let Mp{uj) denote the surface Mp considered as the translation surface 
with the translation structure uj. Suppose uj G fi(p, n) and e > 0. By definition, a translation 
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structure u' G n) belongs to the set W{uj,e) if there exists a piecewise affine map / : 
Mp{ijj) — > Mp{uj') such that h{f) < e and / G H{p^n). Further, u' G W{uj,e) if the map / can 
be chosen in Ho{p,n). The collection of sets W{uj,e), where uj G Q{p,n) and e > 0, generates 
a topology W on n). The collection of sets W{u!,e) generates a stronger topology W. The 
topology W descends to a Hausdorff topology on J\4{p,n), while the topology W descends 
to a Hausdorff topology on A4{p,n). It can be shown that the topologies on A4{p,n) and 
A4{p,n) are topologies of locally compact metric spaces. The group SL(2,M) acts on the 
spaces Ai{p, n) and A^(p, n) by homeomorphisms. The action of Mod(p, n) on M.{j), n) is also 
by homeomorphisms, besides, this action is properly discontinuous. 

Let 7 : [0, 1] — » Mp be a continuous curve. For any uo G n) there exists a continuous 
curve : [0, 1] — *• such that 7 is a translation of 7^^ in coordinates of the atlas oj. The curve 
7a; is determined up to translation. The vector 7a; (1) — 7a;(0) is called the holonomy of the curve 
7 with respect to translation structure u and is denoted by hola;(7). If 7 is a geodesic segment 
of UJ, then the vector hola;(7) is of the same length and direction as 7. The holonomy hola,(7) 
does not change if we replace the curve 7 by a homologous one or replace the translation 
structure u by an isotopic one. In particular, the map hoL is well-defined for oj G M.{p,n). 
Also, the map hola; extends to a map of the relative homology group Hi{Mp, Z^, Z) that is an 
element of the relative cohomology group H^{Mp, M^). 

Suppose F = (71, ... , 7Ar) is an ordered basis of the group Hi{Mp, Z„; Z). Note that = 
2p + n-l. Define a map Cr : M{p, n) (M^)^ ~ rstv _ (hoL(7i), . . . , hoL(77v)). 

The map Cr is a local homeomorphism (see jV2j ) . For any ordered basis F' of Hi{Mp, Z„; Z) 
there exists a unique linear operator g G GL(2A^, R) such that Cr' = gCr- It is easy to ob- 
serve that g G GL(2A^, Z). The inverse operator g~^ is also in GL(2iV, Z), hence Idetf?! = 1. 
Thus the collection of maps of the form Cr endows the space Ai{p,n) with the structure 
of a real analytic 2A^-dimensional manifold along with a volume element. Every element 
G Mod{p,n) induces an automorphism 0* of the group ifi(Mp, Z„; Z). Clearly, Cr{u!(j)) = 
Cr'iuj) for any u G Ai{p,n), where F' = (0~-'^7i, . . . , 0~^7Ar). It follows that the action 
of Mod{p,n) on the space Ai{p,n) is analytic and preserves the volume element. Further, 
Cr{guj) = (5fhola,(7i), . . . , 5'hola;(7Ar)) for any g G SL(2,R) and u G A4{p,n), hence the action 
of SL(2,R) on Ai{p,n) is also real analytic and also preserves the volume element. 

For any u G Ai{p,n), let a^u) denote the area of the surface Mp with respect to translation 
structures in the isotopy class u. It is easy to see that a{uj) is a quadratic form of the vector 
Cr{uj)- Therefore the set A4i{p,n) = a~^(l) is a real analytic submanifold oi A4{p,n) of codi- 
mension 1. This submanifold is invariant under the actions of Mod(p, n) and SL(2,R). The 
volume element on Ai {p, n) induces a volume element on A4 1 {p, n) . By fto denote the corre- 
sponding Borel measure on A4i{p,n). Let ttq : M{p,n) — >• A4{p,n) be the natural projection. 
The set Aii{p,n) = 7ro(A^i(p, n)) is a topological subspace of J^{p,n) invariant under the 
action of SL(2,R). It can be shown that the number of connected components of Aii{p,n) is 
at most finite. Since the action of the group Mod(p, n) on A^i(p, ra) is properly discontinuous, 
there exists a unique Borel measure /xq on A4i{p,n) such that fiQ^no^U)) = jloiU) whenever 
the set U d M.i{p,n) is Borel and ttq is injective on U. The measure /zq is invariant under the 
action of SL(2,R). In addition, the measure /zq is finite (see |Mlj . |V2j ) . 

The maps H{p, n) x Vt{p, n) x Mp 3 (/, u, x) ^ {u;f~^, f{x)) and SL(2, R) x Q{p, n) x Mp 3 
{g,LJ,x) {gu,x) define commuting actions of the groups H{p,n) and SL(2,R) on the set 
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n{p,n)xMp. Set y{p,n) = {n{p,n) x Mp) / Ho{p,n) and y{p,n) = {n{p,n) x Mp) / H{p,n). The 
topologies W and W on the set fl{p, n) give rise to topologies Wi and Wi on n) x Mp. The 
topologies >Vi and VVi descend to Hausdorff topologies on y{p,n) and y{p,n), respectively. 
Let po : y{p,n) M.{p,n) and po : y{p,n) Jli{p,n) be the natural projections. The 
group SL(2,M) acts on the spaces y{p,n) and y{p,n) by homeomorphisms. The subspaces 
yi{p,n) = Po^{Mi{p,n)) and yi{p,n) = Po^{Mi{p,n)) are invariant under these actions. 

Let oj G A^(p, n). Take a translation structure u in the isotopy class oj. Fix a triangulation 
T of the surface Mp by pairwise disjoint saddle connections of u. By definition, a translation 
structure tu' G fl{p,n) belongs to the set X{u,t) if there exists a piecewise affine map / : 
Mp[Lj) Mp{uj') such that / G HQ{p,n) and / is affine on every triangle of r. Let X{uj,t) 
denote the set of isotopy classes u' G A4{p,n) that have representatives in X{uj,t). The set 
X{uj,t) is open and each u' G X{uj,t) has precisely one representative in X(ci;, r). Hence each 
77 G ^(X(c<j, r)) has precisely one representative in X{u,t) x Mp. This gives rise to a map 
F'oj,T '■ Po^i^i^:'^)) ~^ which is continuous. The map Pq^{X{u,t)) 3 r] iPoiv): Foj,t{v)) 
is a homeomorphism of Pq^{X{uj, r)) onto X{uj, r) x Mp. It follows that the space y{p, n) is a 
fiber bundle over A^(p, n) with the fiber Mp. 

For any uj E M.{p, n) the following conditions are equivalent: (i) translation structures in the 
isomorphy class u have no automorphisms different from the identity; (ii) for any Cj G 7ro"^(co') 
the restriction of the projection ttq to some neighborhood of (I; is a homeomorphism. Let [/q 
be the open set of u; G A^(p, n) satisfying these conditions. The preimage Pq^{Uq) C 3^(p, n) 
is a fiber bundle over Uq with the fiber Mp. Suppose uj G M.{p,n) \ Uq and Uq G uj; then 
Pq^{u) is homeomorphic to Mp/ Aut^Uo), where Aut(co'o) is the group of automorphisms of 
the translation structure uq. Since Uq is an open dense subset of full measure of M.{p,n), we 
consider y{p,n) as a fiber bundle over A4{p,n) with the fiber Mp (even though some fibers 
may be not homeomorphic to Mp). 

For any u G Q{p,n), let denote the Borel measure on Mp induced by the translation 
structure cu. Let a) be the isotopy class of to. The map h^^ : Mp pQ^(tD) defined by the 
relation {uj,x) G h^{x), x G Mp, is a homeomorphism. The measure = ^ujh^^ on the fiber 
Pq^{u) does not depend on the choice of G u). Likewise, for any d) G n) the measures 

on Mp induced by translation structures in the isomorphy class u define a Borel measure 
on PQ^{oj) (even if the fiber PQ^{oj) is not homeomorphic to Mp). The space yi{p,n), which 
is a fiber bundle over A4i{p,n) with the fiber Mp, carries a natural measure fii that is the 
measure jlo on the base A4i{p,n) and is the measure z>^ on the fiber p^^{u). In other words, 
djliirj) = ducdirj) dfio{o)). Similarly, the space yi{p,n) carries a natural measure fii such that 
dni{ri) = ducjiv) dfio{uj). The measures /ii and /ii are invariant under the actions of the group 
SL(2,M) on the spaces yi{p,n) and yi{p,n), respectively. Let tti : y{p,n) — >• y{p,n) be the 
natural projection. Then /ii(7ri(f/)) = jliiU) for any Borel set U C yi{p,n) such that tti is 
inject ive on [/. 

We proceed to the proof of Theorems 11.91 and 11.101 In what follows constructions and 
results of the papers of Veech |V3j and of Eskin and Masur |EMj are used extensively. The 
proof relies on Theorem 16 . II formulated below. The formulation requires additional definitions 
and notation. 

Let V denote a pair of sequences vi,V2,... and wi,W2, where elements of the first 
sequence are nonzero vectors in and elements of the second sequence are positive numbers. 
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The number Wk is called the weight of the vector vi^.. It is assumed that the sequence of vectors 
tends to infinity or is finite, and the sequence of weights is bounded. By V denote the set of all 
such pairs. Two pairs Vi, V2 G V are considered to be equal if one of them can be obtained from 
the other by reordering its vectors along with the corresponding reorder of weights. The group 
SL(2, M) acts on the set V by the natural action on vectors and the trivial action on weights. To 
each pair G V we assign a linear functional ^[V] on the space Cc(M^) of continuous compactly 
supported functions on M^; the functional is defined by the relation = Yl^=i'^kfivk)- 

Note that two elements Vi, V2 G V are equal if and only if $[Vi] = $[V2]. Furthermore, for any 
T > set Nv(T) = Ylik-\vk\<T'^k- The function Ny is called the growth function of V . 

Let be a locally compact metric space endowed with a finite Borel measure /i. Suppose 
the group SL(2, M) acts on the space ^A by homeomorphisms. We assume that the measure 
is invariant under this action and the action is ergodic, that is, any measurable subset of Ai 
invariant under the action is of zero or full measure. Let \^ be a map of the space Ai to V. 
The map V is supposed to satisfy the following conditions: 

(0) for any / G C^{R'^) the function M 3 lu ^ ^V{uj)]{f) is Borel; 

(A) the map V intertwines the actions of the group SL(2, M) on the spaces Ai and V, that 
is, V{guj) = gV{Lj) for any g G SL(2,M) and any u G A4] 

(B) for any u ^ Ai there exists a constant c = c{uj) > such that Ny(^^)(T) < cT^ for 
T > 1; the constant c can be chosen uniformly as u varies over a compact subset of Ai; 

(C) there exist positive constants Tq and e such that the function u i— > Nv{oj)(Tq) belongs 
to the space L^'^'^{Ai, fi). 

Theorem 6.1 Suppose a map Ai 3 u ^ V{uj) G V satisfies conditions (0), (A), (B), and 
(C). Then (a) for any f G Cc(M^) the function 9 c<j 1-^ $[V^(c<j)](/) is integrable and 



The second statement was proved by Eskin and Masur |EMj . 

Proof of Theorems 11.91 and II.IOL Let C be a connected component of the space Aii{p, n) 
{p,n > 1) and Y be the component of yi{p,n) that is a fiber bundle over C with respect to 
the natural projection po : 3^i(p, n) Aii{p,n). In what follows we often regard elements of 
Ai{p, n) and Ai.{p, n) as translation structures on Mp, and elements of y{p, n) and y{p, n) as 
pairs in VL{p,n) x Mp (although, in fact, all such elements are equivalence classes). We define 
maps Vi : C — > V, V2 : C — * V, and V3 : F — > V as follows. For any a; G C the pairs Viiuj) and 
V2{uj) share the same sequence of vectors that is the sequence of vectors associated to periodic 
cylinders of the translation structure u). Note that to any periodic cylinder we associate two 




where Cy is a nonnegative constant; 

(b) for ^-almost every uj E Ai one has 



lim Nv(u;){T)/T'^ = TTCv- 



The first statement of Theorem 16. II was proved by Veech |V3j . He also proved that 
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vectors of the same length and of opposite directions. Both vectors are supposed to be in the 
sequence. If a vector is associated to > 1 different periodic cyhnders, it is to appear k times in 
the sequence. All weights of Vi{uj) are equal to 1. For ¥2(00), the weight of a vector associated 
to a periodic cylinder is the area of the cylinder. Further, for any x G Mp the sequence of 
vectors of V3(co', x) is defined to be the sequence of vectors associated to periodic geodesies of u 
passing through x. All weights of ¥3(00, x) are equal to 1. By definition, Nv-t^(ui)(T) = 2Ni{u, T), 
Nv,i^)iT) = 2N2{uj,T), and Nv,i^,.){T) = 2N^{u,x, T) for any T > 0. 

Let us show that the maps Vi, V2, and V3 satisfy all hypotheses of Theorem 16.11 First 
notice that the natural actions of the group SL(2,M) on the spaces C and Y are ergodic. The 
ergodicity of the action on C was proved by Veech |Vlj . and the ergodicity of the action on Y 
was proved by Eskin and Masur |EMj . By definition of the actions of SL(2,]R) on the spaces 
C, y, and V, the maps Vi, V2, and V3 satisfy condition (A). 

Let S{p, n) be the set of free holonomy classes of simple closed oriented curves in Mp \ Zn- 
For any 7 G S{p,n), the map J^{p,n) 3 u hoL(7) ^ is continuous. By f/(7) denote 
the set of translation structures in Ai {p, n) that admit a periodic geodesic in the holonomy 
class 7. By t/i(7) denote the set of pairs {oj^x) G y{p^n) such that some periodic geodesic of 
the translation structure uj passing through the point x is in the holonomy class 7. Obviously, 
the sets U{^) and Ui{^) are open. Given G f/(7), all periodic geodesies of u that belong to 
the holonomy class 7 form one periodic cylinder. Let a^{uj) denote the area of this cylinder. 
For any uj ^ U{^), put 0^(0;) = 0. It is easy to observe that the function is continuous on 
A^(p, n). Let TTo : M.{j),n) — > M.(j)^n) and vri : y{p^n) y{p,n) be the canonical projections. 
Then for any cu G 7rQ'"'^(C), any r] G 7rf^(y), and any / G Cc(M^) we have 

$[Fi(7roH)](/) = X^w(^)/(hoL(7)), 

7e5(p,m) 
7e5(p,m) 

mMvMf) = E Xc7.(7)(r])/(hol^o(.)(7)). 

7e<S(p,m) 

All three sums are locally finite. It follows that the functions 71^^(0) 3 cu $[Vi(7ro(ci;))](/) and 
TTi^{Y) 3 7] $[V3(7ri(?7))](/) are Borel, while the function 'iTq'^{C) 3 uj ^[V2{iTo{uj))]{f) is 
continuous. Then the functions C 3 u ^[Vi{u)]{f) and Y 3 1] $[V3(r7)](/) are also Borel 
and the function C 3 u ^-^ $[V2(co')](/) is also continuous. Thus condition (0) holds for the 
maps Vi, V2, and V3. 

For any G C, let s{lj) denote the length of the shortest saddle connection of the translation 
structure u. The function u 1— *• s{uj) is continuous and bounded on C. Therefore the upper 
estimate in Theorem 11.81 implies the map Vi satisfies condition (B). To verify condition (C), 
we need the following theorem. 

Theorem 6.2 ( jEM| ) (1) Given T > and e > 0, there exists a positive constant Ct^e such 
that 

N,iuj,T)<CTM^)y'^" 

for any uj E C. 

(2) For any (3 G [1,2) the function belongs to the space L^{C,fio). 
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Theorem 16 . 21 implies that condition (C) holds for the map Vi. Let uj be an arbitrary trans- 
lation structure in C. By definition, N2{uj,T) < Ni{lj,T) for any T > 0, and N3{u,x,T) < 
Ni{uj,T) for any x G Mp and any T > 0. It follows that conditions (B) and (C) are satisfied 
by the maps V2 and V3 whenever these conditions are satisfied by Vi. 

Now it follows from Theorem Ifi.ll that there exist constants Ci(C), C2(C), C3(C) > such 
that lim Ni{uj,T)/T'^ = Ci{C) and lim N2{uj,T)/T'^ = C2(C) for /iQ-almost every G C, and 

T — >oo T — ^00 

lim N^{uj,x,T)/T'^ = C3(C) for yUi-almost every {uj,x) G Y. The positivity of the numbers 

T — 5- 00 

Ci(C) and C2(C) follows from the lower estimates in Theorem 11.81 It remains to prove that 
C3(C) = C2(C). Take a function /q G Cc(M^) such that / fo{x) dx = 1. By Theorem 16. 11 we have 



L_^$[\/2H](/o)rf/ioH = 2n-'c2iC), 



1 



Y 



For any cu G C, let denote the Borel measure on the fiber Pq^{uj) induced by translation 
structures in the equivalence class cj. It is easy to observe that 



for any / G CdR^). Then 

Y JcJpQ^iu)) Jc 

besides, 

Hence, C3(C) = C2(C). The theorems are proved. 
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